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2. State Space Models (SSM)
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B ™ol U x(t) E HOLBO|HE h(t) E HM &8 y(H) EUH="
A" AIZE EH QL A|AHL
FA6l
H'(t) = Ah(t) + Bx(t) (AE|0| E AH|0|E)
y(t) = Ch(t) + Dx(t) (2 M. D= Mest7|x.)
B HE:

c HIZE2[(AE0|E)E HEA 7= Nx NOHEERA
212 AztelE NAROE Ssts HE.

g = = | =L =
. AB|O|EE CIA| £ AZalz oj=sts HE.

oAk pagk s T TRV A vz oy
1= lmensxonal function or sequence x(t) € R — y(t) € R through an unphcxt latent state h(t) eRr

Concretely S4 models are defined w:th four parameters (A, A, B, C), which define a sequence-to-sequence transformation
g in two stages.
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y(x) gh(z) (1b) J =Ch; (zb)mﬁ =x*K 3b
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; 20T
. The first stage t i ” (A, A, B) to fdiscrete parameters” (A, B) through
(56> = fa(A,A) and B= fgglA A, B} where the pmr (fa, f3) is called a xsqenzutwn rule. Various rules can
o ;2:2;% f;;ch asAr.heVzY : -order hold (ZO J‘ggﬂﬁnme‘qmlpmg% ?‘”” T M\ Pescretization
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3. O|AtS} (Discretization)

o HIEHE: A=s DI He{HdoAM AT 5 oMM A FAA HEfZE HE
(Discretization) & 2.
@ Zero-Order Hold (ZOH):
o A=exp(AA)
B=(AA)(exp(AA) — ) - AB
o Z1}: A BE E5H x; = Ax;_1 + Bu; 22| RNN recurrence & =& 7}
o E®& Al: Linear Time Invariant (LTI) EM HE0| &K A|ZAE
Convolution 9IAtO 2 H& X 2| 7}t5.

or

x(t+ A) = A(Ax(t) + Bu(t)) + x(¢) ’ . flath)—fla)
— AAx(t) + ABu(t) +x(t) /(@) =lim im p
=(_I+AA)zc(t)+ABu(t) . ]F(l)*f(a)
— Ax(t) + Bu(t) =lm~————
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4. Mamba & 7=
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Comparison of Evolution in State Space Models

Model Mechanism Complexity Key Innovation Limitations
Prior SSM LTI (Fixed) O(N) Discretization via A.  Unstable; slow serial
training.

S4 LTI (Fixed) O(Nlog N)  HiPPO Matrix: Op- Content-agnostic (no
timal history memory.  focus).

H3 LTI + Gating O(Nlog N)  Associative Recall: Still LTI; complex ar-
Mimics Attention. chitecture.

Mamba LTV (Selective) O(N) Selection  Mecha- Needs specialized
nism & Hardware- CUDA kernels.
aware Scan.

=
&
&
I

®

I
Gated MLP

— Mamba
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5. Selective SSM2| =2 HHZA

o LTIS| 2MA: 7|&E SSM2 EZ0f| MFR{0| EL2 A BE A
20t EZU 7|HSHLI EER28 EEE = "MEIH S Ak(Selective
Copying) & 2 &t.

o Selective copying: SSM2 Copying taskE =&35t0{ EZ2| 2
st £22 7|50 BEes =22 Ze{Ysts LR ©
(content-aware) F=0| EHS

o Induction Heads copying: A5t ZMO|M SHIE £32 Md5t= O
ZRStUHE A FES 2F. oo 2ASHIHE S A eist=
A.

Copying Selective Copying

out NN NNNNN--NNEEEN ow: NNNNNNN--NNEEEN
e @EEEOO0--000NENR = [(JEJJEEJ-FNEENR

Solution

Perfectly solved by LTI (e.g. convolutional) models that do not need to look at the actual inputs . . . ! . ! cos D D . ! - .

Induction Heads

Figure 2: (Left) The standard version of the Copying task involves constant spacing between input and output elements and is easily
solved by time-invariant models such as linear recurrences and global convolutions. (Right Top) The Selective Copying task has random
spacing in between inputs and requires time-varying models that can selectively remember or ignore inputs depending on their content.
(Right Bottom) The Induction Heads task is an example of associative recall that requires retrieving an answer based on context, a key
ability for LLMs.
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5. Selective SSM2| =1 HY

=
N = "MEHX ZAHSelective Copying)E &
=

(Data-dependent) 721 =2 HZA.

o Il2l0|E] &3} B, G, A E U x; 2 linear projection (& 35HH M
o) 2otz M.

Copying Selective Copying

ouet NNENNNNN--NNBEHEE owt NNNNNNN--NNEEEN

et @EEBOOO--000AENR o [TEOJJERCD-BONETENR

l

Perfectly solved by LT fe.g. convolutional) models that da not need to look ot the actual inputs . - . _ . . e D D . .

Solution Induction Heads

Figure 2: (Left) The standard version of the Copying task involves constant spacing between input and output elements and is easily
solved by time-invariant models such as linear recurrences and global convolutions. (Right Top) The Selective Copying task has random
spacing in between inputs and requires time-varying models that can selectively remember or ignore inputs depending on their content.
(Right Bottom) The Induction Heads task is an example of associative recall that requires retrieving an answer based on context, a key
ability for LLMs.
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6. Selection O15.0{| [C}2 H| 4! (H3(S4) vs Mamba(S6)

Algorithm 1 SSM (S4) Algorithm 2 SSM + Selection (S6)
Input: x:(B,L,D) Input: x:(B,L,D)
Output: y: (B,L,D) Output: y: (B,L,D)
1: A: (D,N) « Parameter 1: A: (D,N) « Parameter
> Represents structured N X N matrix > Represents structured N X N matrix

2: B: (D,N) « Parameter 2: B: (B,L,N) « sg(x)
3: C: (D,N) « Parameter 3: C: (B,L,N) « sc(x)
4: A: (D) « 75 (Parameter) 4: A: (B,L,D) « tp(Parameter+sp (x))
5. A, B: (D,N) — discretize(A, A, B) 5. A B: (B,L,D,N) « discretize(A, A, B)
6: y < SSM(A,B,C)(x) 6: y < SSM(A,B,C)(x)
> Time-invariant: recurrence or convolution > Time-varying: recurrence (scan) only
7: return y 7: returny

Figure: AA| T&0M= LT ZOH 4 tidl H5 XI0|7t &2 ZtA5HE O|4t5}
A2 ARSI E &

https://github.com/search?q=repo%3Astate-
spaces%2Fmamba%?20discrettype=code
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6. Selection O15.0{| [C}2 H| 4! (H3(S4) vs Mamba(S6)

o Aol HAgh: SHEE AJL0O| 7177t ™ O|™ AH|O|EE OHE |X|stD
X U= E FAl IH XY U8 S ¢ Fo| B,

o ME SEY: dnover AHRA2| 2t A2|HE = SEIM QI SSM A|AHRICZ
FZ=0f HAE.
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7. StE9|0{ =& 3} (Hardware-Aware Scan) for O(N)

@ Selective SSM XM= E & & O 2 Recurrentst 20|22 0|
A2 0|O] AR A ZO|(L 38 N)oi| H|2[St= O(L)
@ Two challenges2} solutions
o 2HA|: sequential nature of reccurrence | large memory usage
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7. StE90{ =& 3} (Hardware-Aware Scan) for O(n)

@ Two challenges 2} solutions

o 2HA| 1: sequential nature of reccurrence).

o Sl & - Parallel (Associative) Scan: 21AtS| ATHHZRIZ 0|35} reccurrent

Asts 21 EtY(O(log L))ol & X2

0 1 2 3 4 5
Apply Scan
Operation _\>__E___
o s
a[0] +a[1] = 15 a[2)+af3)=17 afd] +a[s] = 15
E:
ApPly Sean i1 4 iy = 15 a[0] + a[1] + a[2] + a[3] = 32 a[0] + a[1] + a[2] + a[3] + a[4] + a[5]= 47
I Operation here
F
o
£
+
0:1 a[0:1] + a[2] 0:3 a[0:3] + a[4] 0:5
[even] (odd) [even] (0dd) [even] (odd)

https://blog.premai.io/s4-and-mamba/
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7. StE90{ =& 3} (Hardware-Aware Scan) for O(n)

@ Two challenges2} solutions

o 24| 2: large memory usage.

o SllZ - Kernel Fusion: GPU2| HBMI} SRAM A0|2] HIM EAHAUEZH)
HIE2 £0|7| 2lsH o|&tatet AZH LS SHLte] HE=E X . >
I31IE'_E| H=EHZE

o & - Recomputation: ZE F7t AE|0|EE HBMO| X &oH= CHAI

AMESHA| 240 HE. 2|10 ™ n) A of| A ZL =N “'OOHXI._,
X &= o|a17+oal=|E.| STt 20| oJAFS CHA| O:|A|-°|.0:| 7242 HofLh,
HAHZES S0{L}X|CH Mamba= Kernel Fusion2 S&f 914 XFA| 7} Of
= 7| | 20| memory bottleneckS S EAECENM U= =5 0[S0
AL E oIt &4 HCH 2N . > 2 o 22| Al'o IXH &
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8. Mamba =& O}7|ElX

T H3 of7 |&l X 2} Gated MLP 2 =E ZA &l

=L = =g=.
StES Ll S8:
o El LIO-I E—ELK%”-A_:‘% %3H dmodel X %% dinnerE il'xol-
Q AEA Y22 ConviD F8 (EZ 7t HE al4]).
@ Selective SSM M &,
0 7'”O|Ec>'|(Gat|ng) OI_qAI_I. §— l:l'Al dmodelE ;—é
2E 71 ¢4d: EZ A}0]0]| standard normalization O| L} residual connections
e
1o
i T
L] [\ [\
® ® 0y Linear
BN BN [ rosecon
¥ @ ® 2 [ e
[[conv | [[conv | Noriineriy
@  (activation or
1 I 1 I : i : tcation)
f t \
H3 ® Gated MLP — Mamba
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8. Mamba =& O}7|ElX

o FA: H3 O}7|E X2} Gated MLP 2 =& ZEl.
o ES ZHAZA:

= A}0]|0]| standard normalizationO|L} residual connections

N
1S
’_k_‘ [
e
& Linear
(o] [ ] oroeeton
© ©@ ) Sequence
P [ eaiormaten
Nonlinearity
®  (activation or
\ \ multiplication)
I I
® Gated MLP —_— Mamba
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8. Mamba =& O}7|ElX

o residual connections: ResNetO|M X2 == 0|F, SixH= X}210]
AM2|2| Transformer0| = & &. skip connectionO|2}1] 2 27| = &t 0{H
LIS et H(x) E 2l eh&ste AECH O XH0|Ql Alx) = Hix) — x&

= =
shashs Zi0] EA 2icks 24,
e ssssssssss=s====== ]
x x ' Residual
Block

]

]

]

]

]

1

L}

L}

F F : o
. identity '

L}

Layer i +n i
]

]

. S -

Fix e '

A J L}

Flx) +x ,

[ L L L L L L T -

Traditional Feedforward

without Residual Connection With Resbual Connection

Figure: Enter Caption
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8. Mamba =& O}7|ElX

o SHEE L} 55:
Q 2|L|0] Z2ENME Sl dmoder XIS dinner = EHEL
=

o
- =

Q AEA HEo 2 ConviD £3 (E2 7H HE al4)).
© Selective SSM H &

© 710]E!(Gating) HAt 2 ThA| dinoder 2 F2.

1 i
X
ot :] Linear
projection
® [
Nonlinearity
(activation or
l H ” l multiplication)
I I
H3 ® Gated MLP
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@ Synthetic Tasks: "Selective Copying” Z! Induction HeadsO| A 7| & SSM

Hrp ¢t =X M52 E0|0q Transformer 22| s8 &

= o

MoDEL  ARCH. Lavyer  Acc.
S4 No gate S4 18.3
- No gate  S6 97.0
H3 H3 S4 57.0
Hyena  H3 Hyena 30.1
- H3 S6 99.7
- Mamba  S4 56.4
- Mamba Hyena 284
Mamba Mamba S6 99.8

Table 1: (Selective Copying.)
Accuracy for combinations of architectures
and inner sequence layers.
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@ Synthetic Tasks: Selective Copying 2! "Induction Heads" | A 7| & SSM
Hrp ot=™ M5& E0|0 Transformer 22| S8 =9,

o Extrapolation: £21 ZI0|2C} 71 A|Z A0 CHSHA E CHH A0l M5 SX|.

Induction Heads Extrapolation

1.0 e
084 == MHA-Absolute
: MHA-RoPE
5 MHA-xPos
& 0.6 — H3
=
§ == Hyena
< 0.4 =— Mamba
= Random
0.2 NN Train Length
0.0
T —T—TT T —T—TT T —T—TT T —T—TT T
102 103 104 10° 106

Test Sequence Length
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o Scaling Laws: I|IZ2}0|E{7} HZ!l0| [}2} MS50| o™ o = sHALE| 0]
Transformer++4 2} H{A S| = UAIS HQI,

Scaling Laws on The Pile (Sequence Length 2048)

2x10'
Hyena
™ RWKV
3 Transformer
a ——
o RetNet
2 —e— H3++
=
> = Transformer++
£ 10"
< =+— Mamba
) ]
[=3
g ]
[
a ]
6x10° T ——TT T T — T T T T
1019 1020
FLOPs (log scale)
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MobEL ToKEN. PILE LAMBADA LAMBADA HewaSwae PIQA Arc-E  ArRc-C WINOGRANDE  AVERAGE
PPL|  PPL] Acc T Acc T accT accT  accT  acct Acc T
Hybrid H3-130M  GPT2 - 89.48 25.77 317 64.2 444 24.2 50.6 40.1
Pythia-160M NeoX 29.64  38.10 33.0 30.2 61.4 43.2 24.1 519 40.6
Mamba-130M NeoX 10.56  16.07 44.3 35.3 64.5 48.0 24.3 519 44.7
Hybrid H3-360M  GPT2 - 12.58 48.0 415 68.1 51.4 24.7 54.1 48.0
Pythia-410M NeoX 9.95 10.84 514 40.6 66.9 52.1 246 53.8 48.2
Mamba-370M NeoX 8.28 8.14 55.6 46.5 69.5 55.1 28.0 55.3 50.0
Pythia-1B NeoX 7.82 7.92 56.1 47.2 70.7 57.0 271 535 519
Mamba-790M NeoX 7.33 6.02 62.7 55.1 72.1 61.2 29.5 56.1 57.1
GPT-Neo 1.3B GPT2 - 7.50 57.2 48.9 711 56.2 259 54.9 52.4
Hybrid H3-1.3B GPT2 - 11.25 49.6 52.6 713 59.2 28.1 56.9 53.0
OPT-1.3B OPT — 6.64 58.0 53.7 72.4 56.7 29.6 59.5 55.0
Pythia-1.4B NeoX 7.51 6.08 61.7 52.1 71.0 60.5 28.5 57.2 55.2
RWKV-1.5B NeoX 7.70 7.04 56.4 52.5 72.4 60.5 29.4 54.6 54.3
Mamba-1.4B NeoX 6.80 5.04 64.9 59.1 74.2 65.5 32.8 61.5 59.7
GPT-Neo 2.7B GPT2 — 5.63 62.2 55.8 72.1 61.1 30.2 57.6 56.5
Hybrid H3-2.7B GPT2 - 7.92 55.7 59.7 733 65.6 323 614 58.0
OPT-2.7B OPT - 5.12 63.6 60.6 74.8 60.8 313 61.0 58.7
Pythia-2.8B NeoX 6.73 5.04 64.7 59.3 74.0 64.1 329 59.7 59.1
RWKV-3B NeoX 7.00 5.24 63.9 59.6 73.7 67.8 33.1 59.6 59.6
Mamba-2.8B NeoX 6.22 4.23 69.2 66.1 75.2 69.7 36.3 63.5 63.3
GPT-J-6B GPT2 - 4.10 68.3 66.3 754 67.0 36.6 64.1 63.0
OPT-6.7B OPT - 4.25 67.7 67.2 76.3 65.6 349 65.5 62.9
Pythia-6.9B NeoX 6.51 4.45 67.1 64.0 75.2 67.3 355 61.3 61.7
RWKV-7.4B NeoX 6.31 4.38 67.2 65.5 76.1 67.8 375 61.0 62.5
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A|FA(2k O|AHOJ| A Flash Attention 2 2 C} HitE &=

Scan vs Convolution vs Attention time (A100 80GB PCle)
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T I IR RRTTT RWETTY M

= FlashAttention-2
=== Convolution

= Scan (ours)

Scan (PyTorch)
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Figure:
IIE2E

Inference throughput on A100 80GB (prompt length 2048)
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L = AT = A = = o
E: 45, 2E s, FESEERF M2 2E.

o 0|21} Deltal} OF2H & RHt, t — 1)} 2t2 St CH S (correspondence) 27| 2| &.
Mamba XXIE 2| =2| M| QIX|, 7| =0l SHE AI&IX|= &2l=[X] 3.
o E2t= EHAF Ao H MO M&E|X| &2, EE6HEZF 20| Transformer2|
n2to|e =8 2HE ot A2 tHE3F| —’F——?— I’L% 3|'7| -r|°|'|)\‘|°|x| ==&
9|9|: general5tH|, EE E2 ds2
o[ 015 DAL F B W), IO|EIol o 2 Sroel HTi AlsiEt -
UCE O|E oLt O(L?) o] 2ZI6HE) Y MAE Hojkicts Eol olat
Z12. tt2 ApplicationO| Ol Hardware-awaredt 2 & o122t= HO0| O
oz,
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